Abstract-This paper examines the asymptotic stabilizability of discrete-time linear systems with delayed input. By explicit construction of stabilizing feedback laws, it is shown that a stabilizable and detectable linear system with an arbitrarily large delay in the input can be asymptotically stabilized by either linear state or output feedback as long as the open loop system is not exponentially unstable (i.e., all the open loop poles are on or inside the unit circle.) It is further shown that such a system, when subject to actuator saturation, is semi-globally asymptotically stabilizable by linear state or output feedback.
I. INTRODUCTION
This paper examines the asymptotic stabilizability of a discrete-time linear system with delay in the input, { x(k + 1) Ax (k) + Bu(k -r), x(s) = (s), s [-r, 0], y (k) Cx (k), (1) where x E R' is the state, u E R' is the control input of either state feedback or output feedback type, y E RP is the measurement output, and r > 0 an integer that represents time delay in the control input. It is also assumed that the pair (A, B) is stabilizable and the pair (A, C) is detectable.
Control problems for linear time delay systems in the form of (1) or in a variety of other forms have been a subject of extensive research (see, for example, [1] , [2] , [3] , [4] , [5] , [6] , [9] , [10] , [13] , [18] , [15] , [16] , [19] , [20] , [22] , [23] , [24] , [26] , [25] and the references there in). Various stability and stabilizability conditions were identified and stabilizing feedback laws constructed.
Our interest in discrete-time systems of the form (1) has been motivated by several recent results on asymptotic stabilization of their continuous-time counterparts, { i(t) = Ax (t) + Bu(t-T), X(0) = (0),0 TO], y(t) = Cx(t), (2) where T > 0 is the delay. In particular, two special classes of (2) were recently revisited in [13] , [8] and [14] , respectively. Both [13] and [8] showed that, in the presence of input delay, an oscillator system, which has a pair of open loop poles at +j, is globally asymptotically stabilizable by bounded state feedback laws. In [14] , the authors established global asymptotic stablizability by bounded state feedback of a chain of integrators with a delay in the input.
While both the oscillator and the chain of integrator systems are special classes of (2) and both have all poles on the imaginary axis, the feedback laws that were constructed for stabilizing them are very different and the proof of the closedloop stability involves different techniques. The feedback laws in [13] and [8] both involve a saturation function and both require the explicit knowledge of the amount of the delay. The closed-loop stability in [13] was established through that of a system under distributed control, while [8] resorted to analysis of trajectories. The feedback law in [14] does not require explicit knowledge of the amount of delay but involves a set of nested saturation functions and is thus nonlinear. Recently, the results of [14] were extended to open loop systems with all poles located on the closed left-half plane [25] , where Lp stabilization is also considered.
More recently, a general result on stabilizability of the system (2) was established in [12] . By explicit construction of stabilizing feedback laws, it was shown that system (2) This recent literature in a way indicates the complexity in the stabilization of systems with delay in the input such as those in the form of (2) and (1). The objective of this paper is to establish parallel results of [12] in the discrete-time setting. That is, the system (1), with an arbitrarily large finite delay, is asymptotically stabilized by either linear state or output feedback as long as the open loop system is not exponentially unstable (i.e., all the open loop poles are inside or on the unit circle), and such a system, when subject to actuator saturation, is semi-globally asymptotically stabilizable by either linear state or output feedback. A key tool that enables us to establish these discrete-time results is the discrete-time version of the Razumikhin Theorem for delay difference equations [7] , [27] open loop poles located on the unit circle but at z :4 1 for which no delay independent linear feedback can achieve asymptotic stabilization.
The remainder of this paper is organized as follows. Sections II contains state feedback results. Section III contains output feedback results. Section IV deals with the situation when the inputs are subject to both delay and saturation. The proof of these results is omitted due to space limitation. It involves extensive use of the properties of the low gain feedback laws [17] and the application of Razumikhin Theorem [7] , [27] . Section V includes some examples to demonstrate the results of the paper. Section VI draws a conclusion to the paper.
Throughout the paper, we use rather standard notation. R denotes the set of real numbers, R' denotes the set of ndimensional real vectors, R" m denotes the set of n x m real matrices, and I, denotes an n x n identity matrix.
II. STABILIZATION BY LINEAR STATE FEEDBACK
For the system (1) with all eigenvalues of A on or inside the unit circle, we construct two families of linear state feedback laws as follows.
State Feedback Design:
Step 1 We note that the existence of the above canonical form was shown in [21] . The software realization can be found in [11] .
Step 2. For each (Ai,Bi), let Fi(E) c Rl n be the state feedback gain such that A(Ai + BiFi(E)) = (1 -)A(Ai), E c (0, 1]. (5) Note that Fi(E) is unique.
Step 3. Construct two families of low gain state feedback laws as (6) 
where the low gain matrix F(E) is given by
The first class of low gain feedback laws (6) uses the knowledge of the time delay r, while the second family (7) does not require the knowledge of r. The theorem below establishes that a linear state feedback law from (6) asymptotically stabilizes the system (1) as long as all eigenvalues of A are on or inside the unit circle.
Theorem 1: Consider the closed-loop system comprising of the system (1) and the linear state feedback law (6) . Let all eigenvalues of A be on or inside the unit circle. Then, for any given arbitrarily large r > 0, there exists an E* > 0, such that, for each E c (0, E*], the closed-loop system is asymptotically stable.
Theorem 1 involves the linear state feedback law (6), whose gain matrix depends explicitly on the value of r. While for some special cases, delay independent feedback laws might achieve stabilization, the knowledge of the delay r is in general necessary. To see this, consider the simple system, x(k + 1) x-x(k) + u(k -r), x C R, which has a single open loop pole located on the unit circle at z -1. Let us consider a delay independent feedback law u(k) ozx(k).
Under this feedback law, the closed-loop system is given by
which has the following characteristic equation zr+l +r _ a 0.
Using the Jury Theorem 2: Consider the closed-loop system comprising of the system (1) and the linear state feedback law (7) . Let all eigenvalues of A be either at z 1 or strictly inside the unit circle. Then, for any given arbitrarily large r > 0, there exists an E* > 0, such that, for each E C (0, *], the closed-loop system is asymptotically stable.
To examine the conservativeness of the results of Theorems 1 and 2, we consider the following simple system, whose open loop system is exponentially unstable,
We will show that, for large enough delay r, the system (9) is not asymptotically stable for any choice of the feedback gain o, and thus the conditions of Theorems 1 and 2 are tight. To this end, let us consider the characteristic equation of the closed-loop system, z + 3z + a 0, (10) or +zr (z ) (11) and examine its root loci. Plotted in Fig. 1 we see that the value of oza grows unbounded as the value of r increases. However, a necessary condition for the stability is lal < 1. This implies that, for r large enough, the branch of root loci that starts at z =3 will not reach z za, and thus remain outside the unit circle, for 0 < o < 1. In conclusion, the closed-loop system (9) , with a large enough delay r, is not asymptotically stable for any choice of the feedback gain a.
III. STABILIZATION BY LINEAR OUTPUT FEEDBACK
For the system (1) with all eigenvalues of A on or inside the unit circle, we construct the following two families of output feedback laws, (12) and (13) where F(E) is as given by (8), and L C R"P is such that all eigenvalues of A + LC are strictly inside the unit circle. We note that such a matrix L exists as the pair (A, C) is detectable.
The theorem below establishes that the output feedback law (12) asymptotically stabilizes the system (1) as long as all eigenvalues of A are on or inside the unit circle. Theorem 3: Consider the closed-loop system comprising of the system (1) and the linear output feedback law (12) . Let all eigenvalues of A be on or inside the unit circle. Then, for any given arbitrarily large r > 0, there exists an E* > 0, such that, for each E c (0, E*], the closed-loop system is asymptotically stable.
Theorem 3 involves the linear output feedback law (12), which depends explicitly on the value of r. The theorem below shows that if all eigenvalues of A are at z 1 or strictly inside the unit circle, then the system (1) can be asymptotically stabilized by a linear output feedback law (13), which does not require the explicit knowledge of T.
Theorem 4: Consider the closed-loop system comprising of the system (1) and the linear output feedback law (13) . Let all eigenvalues of A be at z 1 or strictly inside the unit circle. Then, for any given arbitrarily large r > 0, there exists an £* > 0, such that, for each E c (0, E*], the closed-loop system is asymptotically stable.
IV. SEMI-GLOBAL STABILIZATION BY SATURATED
LINEAR FEEDBACK We consider the system (1) subject to actuator saturation, (7) or the family of linear output feedback laws (13) semi-globally stabilizes the system at the origin. The open loop system has two pair of repeated poles on the unit circle at z +2d/2 + j /2. (13) can then be computed as 
